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COMPLEX b-MANIFOLDS
GERARDO A. MENDOZA
Abstract. A complex b-structure on a manifold M with boundary is an in-
volutive subbundle bT 0,1M of the complexification of bTM with the property
that CbTM = bT 0,1M + bT 0,1M as a direct sum; the interior of M is a
complex manifold. The complex b-structure determines an elliptic complex of
b-operators and induces a rich structure on the boundary of M. We study the
cohomology of the indicial complex of the b-Dolbeault complex.
1. Introduction
A complex b-manifold is a smooth manifold with boundary together with a com-
plex b-structure. The latter is a smooth involutive subbundle bT 0,1M of the com-
plexification CbTM of Melrose’s b-tangent bundle [5, 6] with the property that
C
bTM = bT 0,1M+ bT 0,1M
as a direct sum. Manifolds with complex b-structures generalize the situation that
arises as a result of spherical and certain anisotropic (not complex) blowups of
complex manifolds at a discrete set of points or along a complex submanifold, cf.
[7, Section 2], [9], as well as (real) blow-ups of complex analytic varieties with only
point singularities.
The interior of M is a complex manifold. Its ∂-complex determines a b-elliptic
complex, the b∂-complex, on sections of the exterior powers of the dual of bT 0,1M,
see Section 2. The indicial families D(σ) of the b∂-operators at a connected compo-
nentN of ∂M give, for each σ, an elliptic complex, see Section 6. Their cohomology
at the various values of σ determine the asymptotics at N of tempered representa-
tives of cohomology classes of the b∂-complex, in particular of tempered holomorphic
functions.
Each boundary component N of M inherits from bT 0,1M the following objects
in the C∞ category:
(1) an involutive vector subbundle V ⊂ CTN such that V + V = CTN ;
(2) a real nowhere vanishing vector field T such that V ∩ V = spanC T ;
(3) a class β of sections of V∗,
where the elements of β have additional properties, described in (4) below. The
vector bundle V , being involutive, determines a complex of first order differential
operators D on sections of the exterior powers of V∗, elliptic because of the second
property in (1) above. To that list add
(4) If β ∈ β then Dβ = 0 and ℑ〈β, T 〉 = −1, and if β, β′ ∈ β , then β′−β = Du
with u real-valued.
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These properties, together with the existence of a Hermitian metric on V invariant
under T make N behave in many ways as the circle bundle of a holomorphic
line bundle over a compact complex manifold. These analogies are investigated in
[10, 11, 12, 13]. The last of these papers contains a detailed account of circle bundles
from the perspective of these boundary structures. The paper [8], a predecessor of
the present one, contains some facts studied here in more detail.
The paper is organized as follows. Section 2 deals with the definition of complex
b-structure and Section 3 with holomorphic vector bundles over complex b-manifolds
(the latter term just means that the b-tangent bundle takes on a primary role over
that of the usual tangent bundle). The associated Dolbeault complexes are defined
in these sections accordingly.
Section 4 is a careful account of the structure inherited by the boundary.
In Section 5 we show that complex b-structures have no formal local invariants
at boundary points. The issue here is that we do not have a Newlander-Nirenberg
theorem that is valid in a neighborhoods of a point of the boundary, so no explicit
local model for b-manifolds.
Section 6 is devoted to general aspects of b-elliptic first order complexes A. We
introduce here the set specqb,N (A), the boundary spectrum of the complex in degree
q at the component N ofM, and prove basic properties of the boundary spectrum
(assuming that the boundary component N is compact), including some aspects
concerning Mellin transforms of A-closed forms. Some of these ideas are illustrated
using the b-de Rham complex.
Section 7 is a systematic study of the ∂b-complex of CR structures on N associ-
ated with elements of the class β . Each β ∈ β defines a CR structure, Kβ = kerβ.
Assuming that V admits a T -invariant Hermitian metric, we show that there is
β ∈ β such that the CR structure Kβ is T -invariant.
In Section 8 we assume that V is T -invariant and show that for T -invariant
CR structures, a theorem proved in [13] gives that the cohomology spaces of the
associated ∂b-complex, viewed as the kernel of the Kohn Laplacian at the various
degrees, split into eigenspaces of −iLT . The eigenvalues of the latter operator are
related to the indicial spectrum of the b∂-complex.
In Section 9 we prove a precise theorem on the indicial cohomology and spectrum
for the b∂-complex under the assumption that V admits a T -invariant Hermitian
metric.
Finally, we have included a very short appendix listing a number of basic defini-
tions in connection with b-operators.
2. Complex b-structures
LetM be a smooth manifold with smooth boundary. An almost CR b-structure
on M is a subbundle W of the complexification, CbTM → M of the b-tangent
bundle of M (Melrose [5, 6]) such that
(2.1) W ∩W = 0
with W =W . If in addition
(2.2) W +W = CbTM
then we say that W is an almost complex b-structure and write bT 0,1M instead of
W and bT 1,0M for its conjugate. As is customary, the adverb “almost” is dropped
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if W is involutive. Note that since C∞(M; bTM) is a Lie algebra, it makes sense
to speak of involutive subbundles of bTM (or its complexification).
Definition 2.3. A complex b-manifold is a manifold together with a complex b-
structure.
By the Newlander-Nirenberg Theorem [14], the interior of complex b-manifold
is a complex manifold. However, its boundary is not a CR manifold; rather, as we
shall see, it naturally carries a family of CR structures parametrized by the defining
functions of ∂M in M which are positive in
◦
M.
That C∞(M; bTM) is a Lie algebra is an immediate consequence of the definition
of the b-tangent bundle, which indeed can be characterized as being a vector bundle
bTM→M together with a vector bundle homomorphism
ev : bTM→ TM
covering the identity such that the induced map
ev∗ : C
∞(M; bTM)→ C∞(M;TM)
is a C∞(M;R)-module isomorphism onto the submodule C∞tan(M;TM) of smooth
vector fields onM which are tangential to the boundary ofM. Since C∞tan(M, TM)
is closed under Lie brackets, there is an induced Lie bracket on C∞(M; bTM) The
homomorphism ev is an isomorphism over the interior of M, and its restriction to
the boundary,
(2.4) ev∂M :
bT∂MM→ T∂M
is surjective. Its kernel, a fortiori a rank-one bundle, is spanned by a canonical
section denoted r∂r. Here and elsewhere, r refers to any smooth defining function
for ∂M in M, by convention positive in the interior of M.
Associated with a complex b-structure on M there is a Dolbeault complex. Let
b
∧0,q
M denote the q-th exterior power of the dual of bT 0,1M . Then the operator
· · · → C∞(M; b
∧0,q
M)
b∂
−→ C∞(M; b
∧0,q+1
M)→ · · ·
is define by
(2.5) (q + 1) b∂φ(V0, . . . , Vq) =
q∑
j=0
Vjφ(V0, . . . , Vˆj , . . . , Vq)
+
∑
j<k
(−1)j+kφ([Vj , Vk], V0, . . . , Vˆj , . . . , Vˆk, . . . , Vq)
as with the standard de Rham differential (see Helgason [3, p. 21]) whenever φ is
a smooth section of b
∧q
M and V0, . . . , Vq ∈ C∞(M; bT 0,1M). In this formula Vj
acts on functions via the vector field ev∗Vj . The involutivity of
bT 0,1M is used in
the the terms involving brackets, of course. The same proof that d ◦ d = 0 works
here to give that b∂
2
= 0. The formula
(2.6) b∂(fφ) = f b∂φ+ b∂f ∧ φ for φ ∈ C∞(M; b
∧q
M) and f ∈ C∞(M),
implies that b∂ is a first order operator.
Since we do not have at our disposal holomorphic frames (near the boundary) for
the bundles of forms of type (p, q) for p > 0, we define b∂ on forms of type (p, q) with
p > 0 with the aid of the b-de Rham complex, exactly as in Foland and Kohn [2] for
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standard complex structures and de Rham complex. The b-de Rham complex, we
recall from Melrose [6], is the complex associated with the dual, CbT ∗M, of CbTM,
· · · → C∞(M; b
∧r
M)
bd
−→ C∞(M; b
∧r+1
M)→ · · ·
where b
∧q
M denotes the r-th exterior power of CbT ∗M. The operators bd are
defined by the same formula as (2.5), now however with the Vj ∈ C∞(M;CbTM).
On functions f we have
bdf = ev∗df.
More generally,
ev∗ ◦ d = bd ◦ ev∗
in any degree. Also,
(2.7) bd(fφ) = f bdφ+ bdf ∧ φ for φ ∈ C∞(M; b
∧r
M) and f ∈ C∞(M).
It is convenient to note here that for f ∈ C∞(M),
(2.8) bdf vanishes on ∂M if f does.
Now, with the obvious definition,
(2.9) b
∧r
M =
⊕
p+q=r
b
∧p,q
M.
Using the special cases
bd : C∞(M; b
∧0,1
)→ C∞(M; b
∧1,1
) + C∞(M; b
∧0,2
),
bd : C∞(M; b
∧1,0
)→ C∞(M; b
∧2,0
) + C∞(M; b
∧1,1
),
consequences of the involutivity of bT 0,1M and its conjugate, one gets
bdφ ∈ C∞(M; b
∧p+1,q
M)⊕ C∞(M; b
∧p,q+1
M) if φ ∈ C∞(M; b
∧p,q
M)
for general (p, q). Let πp,q :
b
∧k
M → b
∧p,q
M be the projection according to the
decomposition (2.9), and define
b∂ = πp+1,q
bd, b∂ = πq,p+1
bd,
so bd = b∂+ b∂. The operators b∂ are identical to the ∂-operators over the interior of
M and with the previously defined b∂ operators on (0, q)-forms, and give a complex
(2.10) · · · → C∞(M; b
∧p,q
M)
b∂
−→ C∞(M; b
∧p,q+1
M)→ · · ·
for each p. On functions f :M→ C,
(2.11) b∂f = π0,1
bdf.
The formula
(2.7′) b∂fφ = b∂f ∧ φ+ f b∂φ, f ∈ C∞(M), φ ∈ C∞(M; b
∧p,q
M),
a consequence of (2.7), implies that b∂ is a first order operator. As a consequence
of (2.8),
(2.8′) b∂f vanishes on ∂M if f does.
The operators of the b-de Rham complex are first order operators because of
(2.7), and (2.8) implies that these are b-operators, see (A.1). Likewise, (2.7′) and
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(2.8′) imply that in any bidegree, the operator φ 7→ r−1 b∂ rφ has coefficients smooth
up to the boundary, so
(2.12) b∂ ∈ Diff1b(M;
b
∧p,q
M, b
∧p,q+1
M),
see (A.1). We also get from these formulas that the b-symbol of b∂ is
(2.13) bσ (b∂)(ξ)(φ) = iπ0,1(ξ) ∧ φ, x ∈ M, ξ ∈
bT ∗xM, φ ∈
b
∧p,q
x M,
see (A.2). Since π0,1 is injective on the real b-cotangent bundle (this follows from
(2.2)), the complex (2.10) is b-elliptic.
3. Holomorphic vector bundles
The notion of holomorphic vector bundle in the b-category is a translation of
the standard one using connections. Let ρ : F →M be a complex vector bundle.
Recall from [6] that a b-connection on F is a linear operator
b∇ : C∞(M;F )→ C∞(M; b
∧1
M⊗ F )
such that
(3.1) b∇fφ = f b∇φ+ bdf ⊗ φ
for each φ ∈ C∞(M;F ) and f ∈ C∞(M). This property automatically makes b∇
a b-operator.
A standard connection ∇ : C∞(M;F ) → C∞(M;
∧1
M⊗ F ) determines a b-
connection by composition with
ev∗ ⊗ I :
∧1
M⊗ F → b
∧1
M⊗ F,
but b-connections are more general than standard connections. Indeed, the differ-
ence between the latter and the former can be any smooth section of the bundle
Hom(F, b
∧1
M⊗ F ). A b-connection b∇ on F arises from a standard connection if
and only if b∇r∂r = 0 along ∂M.
As in the standard situation, the b-connection b∇ determines operators
(3.2) b∇ : C∞(M; b
∧k
M⊗ F )→ C∞(M; b
∧k+1
M⊗ F )
by way of the usual formula translated to the b setting:
(3.3) b∇(α ⊗ φ) = (−1)kα ∧ b∇φ+ bdα ∧ φ, φ ∈ C∞(M;F ), α ∈ b
∧k
M.
Since
b∇rα⊗ φ = r b∇(α ⊗ φ) + bdr ∧ α⊗ φ
is smooth and vanishes on ∂M, also
b∇ ∈ Diff1b(M;
b
∧k
M⊗ F, b
∧k+1
M⊗ F ).
The principal b-symbol of (3.2), easily computed using (3.3) and
bσ (b∇)(bdf)(φ) = lim
τ→∞
e−iτf
τ
b∇eiτfφ
for f ∈ C∞(M;R) and φ ∈ C∞(M; b
∧k
M⊗ F ), is
bσ (b∇)(ξ)(φ) = iξ ∧ φ, ξ ∈ bT ∗xM, φ ∈
b
∧k
xM⊗ Fx, x ∈M.
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As expected, the connection is called holomorphic if the component in b
∧0,2
M⊗
F of the curvature operator
Ω = b∇2 : C∞(M;F )→ C∞(M; b
∧2
M⊗ F ),
vanishes. Such a connection gives F the structure of a complex b-manifold. Its
complex b-structure can be described locally as in the standard situation, as follows.
Fix a frame ηµ for F and let the ω
ν
µ be the local sections of
b
∧0,1
M such that
b∂ηµ =
∑
ν
ωνµ ⊗ ην .
Denote by ζµ the fiber coordinates determined by the frame ηµ. Let V1, . . . , Vn+1
be a frame of bT 0,1M over U , denote by V˜j the sections of CbTF over ρ−1(U) which
project on the Vj and satisfy V˜jζ
µ = V˜jζ
µ
= 0 for all µ, and by ∂ζµ the vertical
vector fields such that ∂ζµζ
ν = δνµ and ∂ζµζ
ν
= 0. Then the sections
(3.4) V˜j −
∑
µ,ν
ζµ〈ωνµ, Vj〉∂ζν , j = 1, . . . , n+ 1, ∂ζν , ν = 1, . . . , k
of CbTF over ρ−1(U) form a frame of bT 0,1F . As in the standard situation, the
involutivity of this subbundle of CbTF is equivalent to the condition on the vanishing
of the (0, 2) component of the curvature of b∇. A vector bundle F →M together
with the complex b-structure determined by a choice of holomorphic b-connection
(if one exists at all) is a holomorphic vector bundle.
The ∂ operator of a holomorphic vector bundle is
b∂ = (π0,q+1 ⊗ I) ◦
b∇ : C∞(M; b
∧0,q
M⊗ F )→ C∞(M; b
∧0,q+1
M⊗ F ).
As is the case for standard complex structures, the condition on the curvature of
b∇ implies that these operators form a complex, b-elliptic since
bσ (b∂)(ξ)(φ) = iπ0,1(ξ) ∧ φ, ξ ∈
bT ∗xM, φ ∈
b
∧k
xM⊗ Fx, x ∈M
and π0,1(ξ) = 0 for ξ ∈ bT ∗M if and only if ξ = 0.
Also as usual, a b-connection b∇ on a Hermitian vector bundle F → M with
Hermitian form h is Hermitian if
bdh(φ, ψ) = h(b∇φ, ψ) + h(φ, b∇ψ)
for every pair of smooth sections φ, ψ of F . In view of the definition of bd this
means that for every v ∈ CbTM and sections as above,
ev(v)h(φ, ψ) = h(b∇vφ, ψ) + h(φ,
b∇vψ)
On a complex b-manifold M, if an arbitrary connection b∇′ and the Hermitian
form h are given for a vector bundle F , holomorphic or not, then there is a unique
Hermitian b-connection b∇ such that π0,1b∇ = π0,1b∇′. Namely, let ηµ be a local
orthonormal frame of F , let
(π0,1 ⊗ I) ◦
b∇′ηµ =
∑
ν
ωνµ ⊗ ην ,
and let b∇ be the connection defined in the domain of the frame by
(3.5) b∇ηµ = (ω
ν
µ − ω
µ
ν )⊗ ην .
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If the matrix of functions Q = [qµλ ] is unitary and η˜λ =
∑
µ q
µ
ληµ, then
(π0,1 ⊗ I) ◦
b∇′η˜λ =
∑
ν
ω˜σλ ⊗ η˜σ
with
ω˜σλ =
∑
µ
qµσ
b∂qµλ +
∑
µ,ν
qµσq
ν
λω
µ
ν ,
using (3.1), that Q−1 = [qµλ], and that π0,1
bdf = b∂f . Thus
ω˜σλ − ω˜
λ
σ =
∑
µ
(qµσ
b∂qµλ − q
µ
λ
b∂qµσ) +
∑
µ,ν
(qµσq
ν
λω
µ
ν − q
µ
λq
ν
σω
µ
ν )
=
∑
µ
(b∂qµλ +
b∂qµλ)q
µ
σ +
∑
µ,ν
qνλ(ω
µ
ν − ω
ν
µ)q
µ
σ
=
∑
µ
bdqµλ + q
µ
σ +
∑
µ,ν
qνλ(ω
µ
ν − ω
ν
µ)q
µ
σ
using that b∂f = b∂f and that
∑
µ q
µ
λ
b∂qµσ = −
∑
µ
b∂qµλ q
µ
σ because
∑
µ q
µ
λq
µ
σ is
constant, and that b∂qµλ +
b∂qµλ =
bdqµλ . Thus there is a globally defined Hermit-
ian connection locally given by (3.5). We leave to the reader to verify that this
connection is Hermitian. Clearly b∇ is the unique Hermitian connection such that
π0,1
b∇ = π0,1
b∇′. When b∇′ is a holomorphic connection, b∇ is the unique Hermitian
holomorphic connection.
Lemma 3.6. The vector bundles b
∧p,0
M are holomorphic.
We prove this by exhibiting a holomorphic b-connection. Fix an auxiliary Her-
mitian metric on b
∧p,0
M and pick an orthonormal frame (ηµ) of b
∧p,0
M over some
open set U . Let ωνµ be the unique sections of
b
∧0,1
M such that
b∂ηµ =
∑
ν
ωνµ ∧ ην ,
and let b∇ be the b-connection defined on U by the formula (3.5). As in the previous
paragraph, this gives a globally defined b-connection. That it is holomorphic follows
from
b∂ωνµ +
∑
λ
ωνλ ∧ ω
λ
µ = 0,
a consequence of b∂
2
= 0. Evidently, with the identifications b
∧0,q
M⊗ b
∧p,0
M =
b
∧p,q
M, πp,q+1b∇ is the b∂ operator in (2.12).
4. The boundary a complex b-manifold
Suppose thatM is a complex b-manifold and N is a component of its boundary.
We shall assume N compact, although for the most part this is not necessary.
The homomorphism
ev : CbTM→ CTM
is an isomorphism over the interior ofM, and its restriction to N maps onto CTN
with kernel spanned by r∂r. Write
evN : C
bTNM→ CTN
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for this restriction and
(4.1) Φ : bT 0,1N M→ V
for of the restriction of evN to
bT 0,1N M. From (2.1) and the fact that the kernel of
evN is spanned by the real section r∂r one obtains that Φ is injective, so its image,
V = Φ(bT 0,1N M)
is a subbundle of CTN .
Since bT 0,1M is involutive, so is V, see [7, Proposition 3.12]. From (2.2) and the
fact that evN maps onto CTN , one obtains that
(4.2) V + V = CTN ,
see [7, Lemma 3.13]. Thus
Lemma 4.3. V is an elliptic structure.
This just means what we just said: V is involutive and (4.2) holds, see Treves [16,
17]; the sum need not be direct. All elliptic structures are locally of the same kind,
depending only on the dimension of V ∩ V . This is a result of Nirenberg [15] (see
also Ho¨rmander [4]) extending the Newlander-Nirenberg theorem. In the case at
hand, V ∩ V has rank 1 because of the relation
rankC(V ∩ V) = 2 rankC V − dimN
which holds whenever (4.2) holds.
(4.4)
Every p0 ∈ N hs a neighborhood in which there coordinates
x1, . . . , x2n, t such that with zj = xj +mxj+n, the vector fields
∂
∂z1
, . . . ,
∂
∂zn
,
∂
∂t
span V near p0. The function (z1, . . . , zn, t) is called a hypoanalytic
chart (Baouendi, Chang, and Treves [1], Treves [17]).
The intersection V ∩ V is, in the case we are discussing, spanned by a canonical
globally defined real vector field. Namely, let r∂r be the canonical section of
bTM
along N . There is a unique section Jr∂r of bTM along N such that r∂r + iJr∂r is
a section of bT 0,1M along N . Then
T = evN (Jr∂r)
is a nonvanishing real vector field in V ∩V , (see [8, Lemma 2.1]). Using the isomor-
phism (4.1) we have
T = Φ(J(r∂r)− ir∂r).
Because V is involutive, there is yet another complex, this time associated with
the exterior powers of the dual of V :
(4.5) · · · → C∞(N ;
∧q
V∗)
D
−→ C∞(N ;
∧q+1
V∗)→ · · · ,
where D is defined by the formula (2.5) where now the Vj are sections of V . The
complex (4.5) is elliptic because of (4.2). For a function f we have Df = ι∗df ,
where ι∗ : CT ∗N → V∗ is the dual of the inclusion homomorphism ι : V → CTN .
For later use we show:
Lemma 4.6. Suppose that N is compact and connected. If ζ : N → C solves
Dζ = 0, then ζ is constant.
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Proof. Let p0 be an extremal point of |ζ|. Fix a hypoanalytic chart (z, t) for V
centered at p0. Since Dζ = 0, ζ(z, t) is independent of t and ∂zνζ = 0. So there is a
holomorphic function Z defined in a neighborhood of 0 in Cn such that ζ = Z ◦ z.
Then |Z| has a maximum at 0, so Z is constant near 0. Therefore ζ is constant,
say ζ(p) = c, near p0. Let C = {p : ζ(p) = c}, a closed set. Let p1 ∈ C. Since p1 is
also an extremal point of ζ, the above argument gives that ζ is constant near p1,
therefore equal to c. Thus C is open, and consequently ζ is constant on N . 
Since the operators b∂ : C∞(M, b
∧0,q
M)→ C∞(M, b
∧0,q+1
M) are totally char-
acteristic, they induce operators
b∂b : C
∞(N , b
∧0,q
N M)→ C
∞(M, b
∧0,q+1
N M),
see (A.3); these boundary operators define a complex because of (A.4). By way of
the dual
(4.7) Φ∗ : V∗ → b
∧0,1
N M
of the isomorphism (4.1) the operators b∂b become identical to the operators of the
D-complex (4.5): The diagram
· · · −−−−→ C∞(N ;
∧q
V∗)
D
−−−−→ C∞(N ;
∧q+1
V∗) −−−−→ · · ·
Φ∗
y yΦ∗
· · · −−−−→ C∞(N , b
∧0,q
N M)
b∂b−−−−→ C∞(M, b
∧0,q+1
N M) −−−−→ · · ·
is commutative and the vertical arrows are isomorphisms. This can be proved by
writing the b∂ operators using Cartan’s formula (2.5) for b∂ and D and comparing
the resulting expressions.
Let r : M → R be a smooth defining function for ∂M, r > 0 in the interior
of M. Then b∂r is smooth and vanishes on ∂M, so
b∂r
r
is also a smooth b∂-closed
section of b
∧0,1
M. Thus we get a D-closed element
(4.8) βr = [Φ
∗]−1
b∂r
r
∈ C∞(∂M;V∗).
By definition,
〈βr, T 〉 = 〈
b∂r
r
, J(r∂r)− ir∂r〉.
Extend the section r∂r to a section of
bTM over a neighborhood U of N inM with
the property that r∂rr = r. In U we have
〈b∂r, J(r∂r)− ir∂r〉 = (J(r∂r)− ir∂r)r = J(r∂r)r− ir.
The function J(r∂r)r is smooth, real-valued, and vanishes along the boundary. So
r−1J(r∂r)r is smooth, real-valued. Thus
〈βr, T 〉 = ar − i
on N for some smooth function ar : N → R, see [8, Lemma 2.5].
If r′ is another defining function for ∂M, then r′ = reu for some smooth function
u :M→ R. Then
b∂r′ = eu b∂r+ eur b∂u
and it follows that
βr′ = βr + Du.
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In particular,
ar′ = ar + T u.
Let at denote the one-parameter group of diffeomorphisms generated by T .
Proposition 4.9. The functions asupav , a
inf
av : N → R defined by
asupav (p) = lim sup
t→∞
1
2t
∫ t
−t
ar(as(p)) ds, a
inf
av (p) = lim inf
t→∞
1
2t
∫ t
−t
ar(as(p)) ds
are invariants of the complex b-structure, that is, they are independent of the defin-
ing function r. The equality asupav = a
inf
av holds for some r if and only if it holds for
all r.
Indeed,
lim
t→∞
( 1
2t
∫ t
−t
ar′(as(p)) ds−
1
2t
∫ t
−t
ar(as(p)) ds
)
= lim
t→∞
1
2t
∫ t
−t
d
ds
u(as(p)) ds = 0
because u is bounded (since N is compact).
The functions asupav , a
inf
av are constant on orbits of T , but they may not be smooth.
Example 4.10. Let N be the unit sphere in Cn+1 centered at the origin. Write
(z1, . . . , zn+1) for the standard coordinates in Cn+1. Fix τ1, . . . , τn+1 ∈ R\0, all of
the same sign, and let
T = i
n+1∑
j=1
τj(z
j∂zj − z
j∂zj ).
This vector field is real and tangent to N . Let K be the standard CR structure of
N as a submanifold of Cn+1 (the part of T 0,1Cn+1 tangential to N ). The condition
that the τj are different from 0 and have the same sign ensures that T is never in
K ⊕ K. Indeed, the latter subbundle of CTN is the annihilator of the pullback to
N of i∂
∑n+1
ℓ=1 |z
ℓ|2. The pairing of this form with T is
〈i
n+1∑
ℓ=1
zℓdzℓ, i
n+1∑
j=1
τj(z
j∂zj − z
j∂zj )〉 =
n+1∑
j=1
τj |z
j|2,
a function that vanishes nowhere if and only if all τj are different from zero and have
the same sign. Thus V = K⊕spanC T is a subbundle of CTN of rank n+1 with the
property that V + V = CTN . To show that V is involutive we first note that K is
the annihilator of the pullback to N of the span of the differentials dz1, . . . , dzn+1.
Let LT denote the Lie derivative with respect to T . Then LT dzj = iτjdzj , so if L is
a CR vector field, then so is [L, T ]. Since in addition K and spanC T are themselves
involutive, V is involutive. Thus V is an elliptic structure with V∩V = spanC T . Let
β be the section of V∗ which vanishes on K and satisfies 〈β, T 〉 = −i. Let D denote
the operators of the associated differential complex. Then Dβ = 0, since β vanishes
on commutators of sections of K (since K is involutive) and on commutators of T
with sections of K (since such commutators are in K).
If the τj are positive (negative), this example may be viewed as the boundary of
a blowup (compactification) of Cn+1, see [9].
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Let now ρ : F → M be a holomorphic vector bundle. Its b∂-complex also
determines a complex along N ,
(4.11) · · · → C∞(N ;
∧q
V∗ ⊗ FN )
D
−→ C∞(N ;
∧q+1
V∗ ⊗ FN )→ · · · ,
where D is defined using the boundary operators b∂b and the isomorphism (4.7):
(4.12) D(φ⊗ η) = (Φ∗)−1b∂b[Φ
∗(φ⊗ η)]
where Φ∗ means Φ∗ ⊗ I. These operators can be expressed locally in terms of the
operators of the complex (4.5). Fix a smooth frame ηµ, µ = 1, . . . , k, of F in a
neighborhood U ⊂M of p0 ∈ N , and suppose
b∂ηµ =
∑
ν
ωνµ ⊗ ην .
The ωνµ are local sections of
b
∧0,1
M, and if
∑
µ φ
µ ⊗ ηµ is a section of b
∧0,q
M⊗F
over U , then
b∂
∑
φµ ⊗ ηµ =
∑
ν
(b∂φν +
∑
µ
ωνµ ∧ φ
µ)⊗ ην .
Therefore, using the identification (4.7), the boundary operator b∂b is the operator
given locally by
(4.13) D
∑
φµ ⊗ ηµ =
∑
ν
(Dφν +
∑
µ
ωνµ ∧ φ
µ)⊗ ην
where now the φµ are sections of b
∧q
V∗, the ωνµ are the sections of V
∗ corresponding
to the original ωνµ via Φ
∗, and D on the right hand side of the formula is the operator
associated with V .
The structure bundle bT 0,1F is locally given as the span of the sections (3.4). Ap-
plying the evaluation homomorphism CbT∂FF → CT∂F (over N ) to these sections
gives vector fields on FN forming a frame for the elliptic structure VF inherited by
FN . Writing V
0
j = evVj , this frame is just
(4.14) V˜ 0j −
∑
µ,ν
ζµ〈ωνµ, V
0
j 〉∂ζν , j = 1, . . . , n+ 1, ∂ζν , ν = 1, . . . , k,
where now the ωνµ are the forms associated to the D operator of FN . Alternatively,
one may take the D operators of FN and use the formula (4.13) to define a subbundle
of CTF locally as the span of the vector fields (4.14), a fortiori an elliptic structure
on FN , involutive because
Dων +
∑
λ
ωνλ ∧ ω
λ
µ = 0.
To obtain a formula for the canonical real vector field TF in VF , let JF be the
almost complex b-structure of bTF and consider again the sections (3.4); they are
defined in an open set ρ−1(U), U a neighborhood in M of a point of N . Since the
elements ∂ζν are sections of
bT 0,1F ,
(4.15) JFℜ∂ζν = ℑ∂ζν .
Pick a defining function r for N . Then r˜ = ρ∗r is a defining function for FN .
We may take Vn+1 = r∂r + iJr∂r along U ∩ N . Then V˜n+1 = r˜∂r˜ + iJ˜r∂r along
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ρ−1(U) ∩ FN and so
JFℜ
(
r˜∂r˜ + iJ˜r∂r −
∑
µ,ν
ζµ〈ωνµ, r∂r + iJr∂r〉∂ζν
)
=
ℑ
(
r˜∂r˜ + iJ˜r∂r −
∑
µ,ν
ζµ〈ωνµ, r∂r + iJr∂r〉∂ζν
)
along ρ−1(U) ∩ FN . Using (4.15) this gives
JF r˜∂r˜ = J˜r∂r − 2ℑ
∑
µ,ν
ζµ〈ωνµ, r∂r + iJr∂r〉∂ζν .
Applying the evaluation homomorphism gives
(4.16) TF = T˜ − 2ℑ
∑
µ,ν
ζµ〈ωνµ, r∂r + iJr∂r〉∂ζν
where T˜ is the real vector field on ρ−1(U ∩ N ) = ρ−1(U) ∩ FN which projects on
T and satisfies T˜ ζµ = 0 for all µ.
Let h be a Hermitian metric on F , and suppose that the frame ηµ is orthonormal.
Applying TE as given in (4.16) to the function |ζ|2 =
∑
|ζµ|2 we get that TF is
tangent to the unit sphere bundle of F if and only if
〈ωνµ, r∂r + iJr∂r〉 − 〈ω
µ
ν , r∂r + iJr∂r〉 = 0
for all µ, ν. Equivalently, in terms of the isomorphism (4.7),
(4.17) 〈(Φ∗)−1ωνµ, T 〉+ 〈(Φ
∗)−1ωµν , T 〉 = 0 for all µ, ν.
Definition 4.18. The Hermitian metric h will be called exact if (4.17) holds.
The terminology in Definition 4.18 is taken from the notion of exact Riemannian
b-metric of Melrose [6, pg. 31]. For such metrics, the Levi-Civita b-connection
has the property that b∇r∂r = 0 [op. cit., pg. 58]. We proceed to show that the
Hermitian holomorphic connection of an exact Hermitian metric on F also has this
property. Namely, suppose that h is an exact Hermitian metric, and let ηµ be an
orthonormal frame of F . Then for the Hermitian holomorphic connection we have
〈ωνµ − ω
µ
ν , r∂r〉 = 〈ω
ν
µ, r∂r〉 − 〈ω
µ
ν , r∂r〉 =
1
2
(
〈ωνµ, r∂r + iJr∂r〉 − 〈ω
µ
ν , r∂r + iJr∂r〉
)
using that the ωνµ are of type (0, 1). Thus
b∇r∂r = 0.
5. Local invariants
Complex structures have no local invariants: every point of a complex n-manifold
has a neighborhood biholomorphic to a ball in Cn It is natural to ask the same
question about complex b-structures, namely,
is there a local model depending only on dimension for every complex
b-stucture?
In lieu of a Newlander-Nirenberg theorem, we show that complex b-structures have
no local formal invariants at the boundary. More precisely:
COMPLEX b-MANIFOLDS 13
Proposition 5.1. Every p0 ∈ N has a neighborhood V in M on which there are
smooth coordinates xj, j = 1, . . . , 2n + 2 centered at p0 with x
n+1 vanishing on
V ∩ N such that with
(5.2) L
0
j =
1
2
(∂xj + i∂xj+n+1), j ≤ n, L
0
n+1 =
1
2
(xn+1∂xn+1 + i∂x2n+2)
there are smooth functions γjk vanishing to infinite order on V ∩ N such that
Lj = L
0
j +
n+1∑
k=1
γkj L
0
k
is a frame for bT 0,1M over V .
The proof will require some preparation. Let r :M→ R be a defining function
for ∂M. Let p0 ∈ N , pick a hypoanalytic chart (z, t) (cf. (4.4)) centered at p0 with
T t = 1. Let U ⊂ N be a neighborhood of p0 contained in the domain of the chart,
mapped by it to B × (−δ, δ) ⊂ Cn × R, where B is a ball with center 0 and δ is
some small positive number. For reference purposes we state
Lemma 5.3. On such U , the problem
Dφ = ψ, ψ ∈ C∞(U ;
∧q+1
V∗|U ) and Dψ = 0
has a solution in C∞(U ;
∧q
V∗|U ).
Extend the functions zj and t to a neighborhood of p0 in M. Shrinking U if
necessary, we may assume that in some neighborhood V of p0 inM with V ∩∂M =
U , (z, t, r) maps V diffeomorphically onto B × (−δ, δ) × [0, ε) for some δ, ε > 0.
Since the form βr defined in (4.8) is D-closed, there is α ∈ C∞(U) such that
−iDα = βr.
Extend α to V as a smooth function. The section
(5.4) b∂(log r+ iα) =
b∂r
r
+ ib∂α
of b
∧0,1
M over V vanishes on U , since βr + iDα = 0. So there is a smooth section
φ of b
∧0,1
M over V such that
b∂(log r+ iα) = reiαφ.
Suppose ζ : U → C is a solution of Dζ = 0 on U , and extend it to V . Then b∂ζ
vanishes on U , so again we have
b∂ζ = reiαψ.
for some smooth section ψ of b
∧0,1
M over V . The following lemma will be applied
for f0 equal to log r+ iα or each of the functions z
j .
Lemma 5.5. Let f0 be smooth in V \U and suppose that b∂f0 = reiαψ1 with ψ1
smooth on V . Then there is f : V → C smooth vanishing at U such that b∂(f0+ f)
vanishes to infinite order on U .
Proof. Suppose that f1, . . . , fN−1 are defined on V and that
(5.6) b∂
N−1∑
k=0
(reiα)kfk = (re
iα)NψN
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holds with ψN smooth in V ; by the hypothesis, (5.6) holds when N = 1. Using
(5.4) we get that b∂(reiα) = (reiα)2φ, therefore
0 = b∂
(
(reiα)NψN ) = (re
iα)N [b∂ψN +Nre
iαφ ∧ ψN ],
which implies that b∂ψN = 0 on U . With arbitrary fN we have
b∂
N∑
k=0
(reiα)kfk = (re
iα)N (ψN +
b∂fN +Nre
iαfNφ).
Since DψN = 0 andH
1
D
(U) = 0 by Lemma 5.3, there is a smooth function fN defined
in U such that DfN = −ψN in U . So there is χN such that ψN + b∂fN = reiαχN .
With such fN , (5.6) holds with N +1 in place of N and some ψN+1. Thus there is
a sequence {fj}∞j=1 such that (5.6) holds for each N . Borel’s lemma then gives f
smooth with
f ∼
∞∑
k=1
(reiα)kfk on U
such that D(f0 + f) vanishes to infinite order on U . 
Proof of Proposition 5.1. Apply the lemma with f0 = log r + iα to get a function
f such that b∂(f0 + f) vanishes to infinite order at U . Let
xn+1 = re−ℑα+ℜf , x2n+2 = ℜα+ ℑf.
These functions are smooth up to U .
Applying the lemma to each of the functions f0 = z
j, j = 1, . . . , n gives smooth
functions ζj such that ζj = zj on U and b∂ζj = 0 to infinite order at U . Define
xj = ℜζj , xj+n+1 = ℑζj , j = 1, . . . , n.
The functions xj , j = 1 . . . , 2n+ 2 are independent, and the forms
ηj = bdζj , j = 1 . . . , n, ηn+1 =
1
xn+1eix2n+2
bd[xn+1eix
2n+2
]
together with their conjugates form a frame for CbTM near p0. Let η
j
1,0 and η
j
0,1
be the (1, 0) and (0, 1) components of ηj according to the complex b-structure of
M. Then
ηj0,1 =
∑
k
pjkη
k + qjkη
k.
Since ηj0,1 =
b∂ζj vanishes to infinite order at U , the coefficients pjk and q
j
k vanish
to infinite order at U . Replacing this formula for ηj0,1 in η
j = ηj1,0 + η
j
0,1 get∑
k
(δjk − p
j
k)η
k −
∑
k
qjkη
k = ηj1,0.
The matrix I− [pjk] is invertible with inverse of the form I+[P
j
k ] with P
j
k vanishing
to infinite order at U . So
(5.7) ηj −
∑
k
γjkη
k =
∑
k
(δjk + P
j
k )η
k
1,0
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with suitable γjk vanishing to infinite order on U . Define the vector fields L
0
j as in
(5.2). The vector fields
Lj = L
0
j +
∑
k
γkj L
0
k, j = 1, . . . , n+ 1
are independent and since 〈L
0
j , η
k〉 = 0 and 〈L0j , η
k〉 = δkj , they annihilate each of
the forms on the left hand side of (5.7). So they annihilate the forms ηk1,0, which
proves that the Lj form a frame of
bT 0,1M. 
6. Indicial complexes
Throughout this section we assume that N is a connected component of the
boundary of a compact manifold M. Let
(6.1) · · · → C∞(M;Eq)
Aq
−−→ C∞(M;Eq+1)→ · · ·
be a b-elliptic complex of operators Aq ∈ Diff
1
b(M;E
q, Eq+1); the Eq, q = 0, . . . , r,
are vector bundles over M.
Note that since Aq is a first order operator,
(6.2) Aq(fφ) = fAqφ− i
bσ (Aq)(
bdf)(φ).
This formula follows from the analogous formula for the standard principal symbol
and the definition of principal b-symbol. It follows from (6.2) and (2.8) that Aq
defines an operator
Ab,q : Diff
1(N ;EqN , E
q+1
N ).
Fix a smooth defining function r :M→ R for ∂M, r > 0 in the interior of M, let
Aq(σ) : Diff
1
b(N ;E
q
N , E
q+1
N ), σ ∈ C
denote the indicial family of Aq with respect to r, see (A.5). Using (6.2) and defining
Λr,q =
bσ (Aq)(
bdr
r
),
the indicial family of Aq with respect to r is
(6.3) Aq(σ) = Ab,q + σΛr,q : C
∞(N ;EqN )→ C
∞(N ;Eq+1N ).
Because of (A.4), these operators form an elliptic complex
(6.4) · · · → C∞(N ;EqN )
Aq(σ)
−−−−→ C∞(N ;Eq+1N )→ · · ·
for each σ and each connected component N of ∂M. The operators depend on
r, but the cohomology groups at a given σ for different defining functions r are
isomorphic. Indeed, if r′ is another defining function for ∂M, then r′ = eur for
some smooth real-valued function u, and a simple calculation gives
(Ab,q + σΛr,q)(e
iσuφ) = eiσu(Ab,q + σΛr′,q)φ.
In analogy with the definition of boundary spectrum of an elliptic operator A ∈
Diffmb (M;E,F ), we have
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Definition 6.5. Let N be a connected component of ∂M. The family of complexes
(6.4), σ ∈ C, is the indicial complex of (6.1) at N . For each σ ∈ C let HqA(σ)(N )
denote the q-th cohomology group of (6.4) on N . The q-th boundary spectrum of
the complex (6.1) at N is the set
specqb,N (A) = {σ ∈ C : H
q
A(σ)(N ) 6= 0}.
The q-th boundary spectrum of A is specqb(A) =
⋃
N spec
q
b,N (A).
The spaces HqA(σ)(N ) are finite-dimensional because (6.4) is an elliptic complex
and N is compact. It is convenient to isolate the behavior of the indicial complex
according to the components of the boundary, since the sets specqb,N (A) can vary
drastically from component to component.
Suppose that M is a complex b-manifold. Recall that since
b∂ ∈ Diff1b(M;
b
∧0,q
M, b
∧0,q+1
M),
there are induced boundary operators
b∂b ∈ Diff
1(N ; b
∧0,q
N M,
b
∧0,q+1
N M)
which via the isomorphism (4.1) become the operators of the D-complex (4.5).
Combining (2.11) and (2.13) we get
bσ (b∂)(
bdr
r
)(φ) = i
b∂r
r
∧ φ
and using (4.8) we may identify b̂∂b(σ), given by (6.3), with the operator
(6.6) D(σ)φ = Dφ+ iσβr ∧ φ.
If E →M is a holomorphic vector bundle, then the indicial family of
b∂ ∈ Diff1b(M;
b
∧0,q
M⊗ E, b
∧0,q+1
M⊗ E)
is again given by (6.6), but using the operator D of the complex (4.11).
Returning to the general complex (6.1), fix a smooth positive b-density m on
M and a Hermitian metric on each Eq. Let A⋆q(σ) be the indicial operator of
the formal adjoint, A⋆q , of Aq. The Laplacian q of the complex (6.1) in degree q
belongs to Diff2b(M;E
qM), is b-elliptic, and its indicial operator is
̂q(σ) = A
⋆
q(σ)Aq(σ) +Aq−1(σ)A
⋆
q−1(σ).
The b-spectrum of q at N , see Melrose [6], is the set
specb,N (q) = {σ ∈ C : ̂q(σ) : C
∞(N ;EqN )→ C
∞(N ;EqN ) is not invertible}.
Note that unless σ is real, ̂q(σ) is not the Laplacian of the complex (6.4).
Proposition 6.7. For each q, specqb,N (A) ⊂ specb,N (q).
Note that the set specb,N (q) depends on the choice of Hermitian metrics and
b-density used to construct the Laplacian, but that the subset specqb,N (A) is inde-
pendent of such choices. For a general b-elliptic complex (6.1) it may occur that
specqb,N (A) 6= specb,N (q). In Example 6.13 we show that spec
q
b,N (
bd) ⊂ {0}. As
is well known, specb,N (∆q) is an infinite set if dimM > 1. At the end of this
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section we will give an example where spec0b,N (
b∂) is an infinite set. A full discus-
sion of specqb,N (
b∂) for any q and other aspects of the indicial complex of complex
b-structures is given in Section 9.
Proof of Proposition 6.7. Since q is b-elliptic, the set specb,N (q) is closed and
discrete. Let H2(N ;EqN ) be the L
2-based Sobolev space of order 2. For σ /∈
specb,N (q) let
Gq(σ) : L
2(N ;EqN )→ H
2(N ;EqN )
be the inverse of ̂q(σ). The map σ 7→ Gq(σ) is meromorphic with poles in
specb(q). Since
A⋆q(σ) = [Aq(σ)]
⋆
the operators ̂q(σ) are the Laplacians of the complex (6.4) when σ is real. Thus
for σ ∈ R\(specb,N (q) ∪ specb,N (q+1)) we have
Aq(σ)Gq(σ) = Gq+1(σ)Aq(σ), Aq(σ)
⋆Gq+1(σ) = Gq(σ)A
⋆
q(σ)
by standard Hodge theory. Since all operators depend holomorphically on σ, the
same equalities hold for σ ∈ R = C\(specb,N (q)∪ specb,N (q+1)). It follows that
A⋆q(σ)Aq(σ)Gq(σ) = Gq(σ)A
⋆
q(σ)Aq(σ)
in R. By analytic continuation the equality holds on all of C\ specb,N (q). Thus if
σ0 /∈ specb,N (q) and φ is a Aq(σ0)-closed section, Aq(σ0)φ = 0, then the formula
φ = [A⋆q(σ0)Aq(σ0) +Aq−1(σ0)A
⋆
q−1(σ0)]Gq(σ0)φ
leads to
φ = Aq−1(σ0)[A
⋆
q−1(σ0)Gq(σ0)φ].
Therefore σ0 /∈ spec
q
b,N (A). 
Sinceq is b-elliptic, the set specb,N (q) is discrete and intersects each horizontal
strip a ≤ ℑσ ≤ b in a finite set (Melrose [6]). Consequently:
Corollary 6.8. The sets specqb,N (A), q = 0, 1 . . . , are closed, discrete, and intersect
each horizontal strip a ≤ ℑσ ≤ b in a finite set.
We note in passing that the Euler characteristic of the complex (6.4) vanishes
for each σ. Indeed, let σ0 ∈ C. The Euler characteristic of the A(σ0)-complex is
the index of
A(σ0) +A(σ0)
⋆ :
⊕
q even
C∞(N ;Eq)→
⊕
q odd
C∞(N ;Eq).
The operator Aq(σ) is equal to Ab,q+σΛr,q, see (6.3). Thus Aq(σ)⋆ = A⋆b,q+σΛ
⋆
r,q,
and it follows that for any σ,
A(σ) +A(σ)⋆ = A(σ0) +A(σ0)
⋆ + (σ − σ0)Λr + (σ − σ0)Λ
⋆
r
is a compact perturbation of A(σ0)+A(σ0)
⋆. Therefore, since the index is invariant
under compact perturbations, the index of A(σ)+A(σ)⋆ is independent of σ. Then
it vanishes, since it vanishes when σ /∈
⋃
q spec
q
b,N (A).
Let Meroq(N ) be the sheaf of germs of C∞(N ;Eq)-valued meromorphic func-
tions on C and let Holq(N ) be the subsheaf of germs of holomorphic functions.
Let Sq(N ) = Meroq(N )/Holq(N ). The holomorphic family σ 7→ Aq(σ) gives a
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sheaf homomorphism Aq : Mero
q(N ) → Meroq+1(N ) such that Aq(Hol
q(N )) ⊂
Holq+1(N ) and Aq+1 ◦ Aq = 0, so we have a complex
(6.9) · · · → Sq(N )
Aq
−−→ Sq+1(N )→ · · · .
The cohomology sheafs HqA(N ) of this complex contain more refined information
about the cohomology of the complex A.
Proposition 6.10. The sheaf HqA(N ) is supported on spec
q
b,N (A).
Proof. Let σ0 ∈ C be such that H
q
A(σ0)
(N ) = 0 and let
(6.11) φ(σ) =
µ∑
k=1
φk
(σ − σ0)k
,
µ > 0, φk ∈ C∞(N ;
∧q
V∗), represent the A-closed element [φ] of the stalk ofSq(N )
over σ0. The condition that Aq[φ] = 0 means that Aq(σ)φ(σ) is holomorphic, that
is,
Aq(σ0)φµ
(σ − σ0)µ
+
µ−1∑
k=1
Aq(σ0)φk + Λr,qφk+1
(σ − σ0)k
= 0.
In particular Aq(σ0)φµ = 0. Since H
q
A(σ0)
(N ) = 0, there is ψµ ∈ C∞(N ;Eq−1)
such that Aq−1(σ0)ψµ = φµ. This shows that if µ = 1, then [φ] is exact, and that
if µ > 1, then letting φ′(σ) = φ(σ)−Aq−1(σ)ψµ/(σ−σ0)µ, that φ is cohomologous
to an element [φ′] represented by a sum as in (6.11) with µ − 1 instead of µ. By
induction, [φ] is exact. 
Definition 6.12. The cohomology sheafs HqA(N ) of the complex (6.9) will be
referred to as the indicial cohomology sheafs of the complex A. If [φ] ∈ hqA(N ) is a
nonzero element of the stalk over σ0, the smallest µ such that there is a meromorphic
function (6.11) representing [φ] will be called the order of the pole of [φ].
The relevancy of this notion of pole lies in that it predicts, for any given cohomol-
ogy class of the complex A, the existence of a representative with the most regular
leading term (the smallest power of log that must appear in the expansion at the
boundary). We will see later (Proposition 9.5) that for the b-Dolbeault complex,
under a certain geometric assumption, the order of the pole of [φ] ∈ Hq
b∂
(N )\0 is 1.
Example 6.13. For the b-de Rham complex one has specqb,N (
bd) ⊂ {0} and
HqD(0)(N ) = H
q
dR(N ) ⊕H
q−1
dR (N )
for each component N of ∂M, and that every element of the stalk of Hqbd(N )
over 0 has a representative with a simple pole. By way of the residue we get an
isomorphism from the stalk over 0 onto HqdR(N ).
Since the map (2.4) is surjective with kernel spanned by r∂r, the dual map
(6.14) ev∗N : T
∗N → bT ∗NM
is injective with image the annihilator, H, of r∂r. Let ir∂r :
b
∧q
NM →
b
∧q−1
N M
denote interior multiplication by r∂r Then
∧q
H = ker(ir∂r :
b
∧q
NM →
b
∧q−1
N M).
The isomorphism (6.14) gives isomorphisms
ev∗N :
∧q
N → Hq
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for each q. Fix a defining function r for N and let Π : b
∧q
NM →
b
∧q
NM be the
projection on Hq according to the decomposition
b
∧q
NM = H
q ⊕
bdr
r
∧Hq−1,
that is,
Πφ = φ−
bdr
r
∧ ir∂rφ.
If φ0 ∈ C∞(N ,Hq) and φ1 ∈ C∞(N ,Hq−1), then
bd(φ0 +
bdr
r
∧ φ1) = Π bdφ0 +
bdr
r
∧ (−Π bdφ1).
Since
r−iσbdriσφ = bdφ+ iσ
bdr
r
∧ φ,
the indicial operator D(σ) of bd is
D(σ)(φ0 +
bdr
r
∧ φ1) = Π bdφ0 +
bdr
r
∧ (iσφ0 −Π bdφ1).
If D(σ)(φ0 +
bdr
r
∧ φ1) = 0, then of course Πbdφ0 = 0 and iσφ0 = Πbdφ1, and it
follows that if σ 6= 0, then
(φ0 +
bdr
r
∧ φ1) = D(σ)
1
iσ
φ1.
Thus all cohomology groups of the complex D(σ) vanish if σ 6= 0, i.e., specqb,N (
bd) ⊂
{0}.
It is not hard to verify that
Πbd ev∗N = ev
∗
N d.
Since
r−iσbdriσφ = bdφ+ iσ
bdr
r
∧ φ,
the indicial operator of bd at σ = 0 can be viewed as the operator[
d 0
0 −d
]
:
∧q
N
⊕∧q−1
N
→
∧q
N
⊕∧q−1
N
.
From this we get the cohomology groups of D(0) in terms of the de Rham coho-
mology of N :
HqD(0)(N ) = H
q
dR(N )⊕H
q−1
dR (N ).
Thus the groups HqD(0)(N ) do not vanish for q = 0, 1, dimM− 1, dimM but may
vanish for other values of q.
We now show that every element of the stalk of Hqbd(N ) over 0 has a representative
with a simple pole at 0. Suppose that
(6.15) φ(σ) =
µ∑
k=1
1
σk
(
φ0k +
bdr
r
∧ φ1k
)
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is such that D(σ)φ(σ) is holomorphic. Then
µ∑
k=1
1
σk
(
dφ0k −
bdr
r
∧ dφ1k
)
+
bdr
r
∧
(
µ−1∑
k=1
i
σk
φ0k+1
)
= 0,
hence dφ01 = 0, dφ
1
µ = 0 and φ
0
k = −idφ
1
k−1, k = 2, . . . , µ. Let
ψ(σ) = −i
µ+1∑
k=2
1
σk
φ1k−1.
Then
D(σ)ψ(σ) = −i
µ+1∑
k=2
1
σk
dφ1k−1 +
bdr
r
∧
µ+1∑
k=2
1
σk−1
φ1k−1
=
µ∑
k=2
1
σk
φ0k +
bdr
r
∧
µ∑
k=1
1
σk
φ1k
so
φ(σ) −D(σ)ψ(σ) =
1
σ
φ01.
The map that sends the class of the D(σ)-closed element (6.15) to the class of φ01
in HqdR(N ) is an isomorphism.
Example 6.16. As we just saw, the boundary spectrum of the bd complex in degree
0 is just {0}. In contrast, spec0b,N (
b∂) may be an infinite set. We illustrate this in
the context of Example 4.10. The functions
zα = (z1)α1 · · · (zn+1)αn+1 ,
where the αj are nonnegative integers, are CR functions that satisfy
T zα = i(
∑
τjαj)z
α.
This implies that
Dzα + i(−i
∑
τjαj)βz
α = 0
with β as in Example 4.10, so the numbers σα = (−i
∑
τjαj) belong to spec
0
b,N (
b∂).
For the sake of completeness we also show that if σ ∈ spec0b,N (
b∂), then σ = σα
for some α as above. To see this, suppose that ζ : S2n+1 → C is not identically
zero and satisfies
Dζ + iσζβ = 0
for some σ 6= 0. Then ζ is smooth, because the principal symbol of D on functions
is injective. Since 〈β, T 〉 = −i,
Tζ + σζ = 0.
Thus ζ(at(p)) = e
−σtζ(p) for any p. Since |ζ(at(p))| is bounded as a function of t
and ζ is not identically 0, σ must be purely imaginary. Since ζ is a CR function,
it extends uniquely to a holomorphic function ζ˜ on B = {z ∈ Cn+1 : ‖z‖ < 1},
necessarily smooth up to the boundary. Let ζt = ζ ◦ at. This is also a smooth
CR function, so it has a unique holomorphic extension ζ˜t to B. The integral curve
through z0 = (z
1
0 , . . . , z
n+1
0 ) of the vector field T is
t 7→ at(z0) = (e
iτ1tz10 , . . . , e
iτn+1tzn+10 )
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Extending the definition of at to allow arbitrary z ∈ Cn+1 as argument we then
have that ζ˜t = ζ˜ ◦ at. Then
∂tζ˜t + σζ˜t = 0
gives
ζ˜(z) =
∑
{α:τ ·α=iσ}
cαz
α
for |z| < 1, where τ = (τ1, . . . , τn+1). Thus σ = −i
∑
τjαj as claimed. Note that
ℑσ is negative (positive) if the τj are positive (negative) and α 6= 0.
7. Underlying CR complexes
Again let a : R × N → N be the flow of T . Let LT denote the Lie derivative
with respect to T on de Rham q-forms or vector fields and let iT denote interior
multiplication by T of de Rham q-forms or of elements of
∧q
V∗.
The proofs of the following two lemmas are elementary.
Lemma 7.1. If α is a smooth section of the annihilator of V in CT ∗N , then
(LT α)|V = 0. Consequently, for each p ∈ N and t ∈ R, dat : CTpN → CTat(p)N
maps Vp onto Vat(p).
It follows that there is a well defined smooth bundle homomorphism a∗t :
∧q
V∗ →∧q
V∗ covering a−t. In particular, one can define the Lie derivative LT φ with respect
to T of an element in φ ∈ C∞(N ;
∧q
V∗). The usual formula holds:
Lemma 7.2. If φ ∈ C∞(N ;
∧q
V∗), then LT φ = iT Dφ+ DiT φ. Consequently, for
each t and φ ∈ C∞(N ;
∧q
V∗), Da∗tφ = a
∗
tDφ.
For any defining function r of N in M, Kr = kerβr is a CR structure of CR
codimension 1: indeed, Kr ∩ Kr ⊂ spanC T but since 〈βr, T 〉 vanishes nowhere, we
must have K ∩ K = 0. Since K ⊕ K ⊕ spanC T = CTN , the CR codimension is 1.
Finally, if V,W ∈ C∞(N ;Kr), then
〈βr, [V,W ]〉 = V 〈βr,W 〉 −W 〈βr, V 〉 − 2Dβ(V,W ),
Since the right hand side vanishes, [V,W ] is again a section of Kr.
Since V = Kr⊕spanC T , the dual of Kr is canonically isomorphic to the kernel of
iT : V∗ → C. We will write K
∗
for this kernel. More generally,
∧q
K
∗
r
and the kernel,∧q
K
∗
, of iT :
∧q
V∗ →
∧q−1
V∗ are canonically isomorphic. The vector bundles∧q
K
∗
are independent of the defining function r. We regard the ∂b-operators of
the CR structure as operators
C∞(N ;
∧q
K
∗
)→ C∞(N ;
∧q+1
K
∗
).
They do depend on r but we will not indicate this in the notation.
To get a formula for ∂b, let
β˜r =
i
i− ar
βr
(so that 〈iβ˜r, T 〉 = 1). The projection Πr :
∧q
V∗ →
∧q
V∗ on
∧q
K
∗
according to
the decomposition
(7.3)
∧q
V∗ =
∧q
K
∗
⊕ iβ˜r ∧
∧q−1
K
∗
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is
(7.4) Πrφ = φ− iβ˜r ∧ iT φ.
Lemma 7.5. With the identification of
∧q
K
∗
r
with
∧q
K
∗
described above, the ∂b-
operators of the CR structure Kr are given by
(7.6) ∂bφ = ΠrDφ if φ ∈ C
∞(N ,
∧q
K
∗
),
Proof. Suppose that (z, t) is a hypoanalytic chart for V on some open set U , with
T t = 1. So ∂zµ , µ = 1 . . . , n, T = ∂t is a frame for V over U with dual frame Dz
µ,
Dt. If
βr =
n∑
µ=1
βµDz
µ + β0Dt.
then
Lµ = ∂zµ −
βµ
β0
∂t, µ = 1, . . . , n
is a frame for Kr over U . Let η
µ denote the dual frame (for K
∗
r
). Since the Lµ
commute, ∂bη
µ = 0, so if φ =
∑′
|I|=q φI η
I , then (with the notation as in eg.
Folland and Kohn [2])
∂bφ =
∑′
|J|=q+1
∑′
|I|=q
∑
µ
ǫµIJ LµφI η
J .
On the other hand, the frame of V∗ dual to the frame Lµ, µ = 1, . . . , n, T of V is
Dzµ, iβ˜r, and the identification of K
∗
r
with K
∗
maps the ηµ to the Dzµ. So, as a
section of
∧q
V∗,
φ =
∑′
|I|=q
φI Dz
I
and
Dφ =
∑′
|J|=q+1
∑′
|I|=q
ǫµIJ LµφI Dz
J + iβ˜r ∧
∑′
|I|=q
T φI Dz
I .
Thus ΠrDφ is the section of
∧q+1
K
∗
associated with ∂bφ by the identifying map. 
Using (7.4) in (7.6) and the fact that iT Dφ = LT φ if φ ∈ C∞(N ;
∧q
K
∗
) we get
(7.7) ∂bφ = Dφ− iβ˜r ∧ LT φ if φ ∈ C
∞(N ,
∧q
K
∗
).
The D operators can be expressed in terms of the ∂b operators. Suppose φ ∈
C∞(N ;
∧q
V∗). Then φ = φ0 + iβ˜r ∧ φ1 with unique φ0 ∈ C∞(N ;
∧q
K
∗
) and
φ1 ∈ C∞(N ;
∧q−1
K
∗
), and
Dφ0 = ∂bφ
0 + iβ˜r ∧ LT φ
0,
see (7.7). Using
Dβ˜r =
Dar
i− ar
∧ β˜r
and (7.7) again we get
D(iβ˜r ∧ φ
1) = iβ˜r ∧
(
−
Dar
i− ar
∧ φ1 − Dφ1
)
= iβ˜r ∧
(
−
∂bar
i− ar
∧ φ1 − ∂bφ
1
)
.
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This gives
(7.8) D =
 ∂b 0
LT −∂b −
∂bar
i− ar
 : C∞(N ;
∧q
K
∗
)
⊕
C∞(N ;
∧q−1
K
∗
)
→
C∞(N ;
∧q+1
K
∗
)
⊕
C∞(N ;
∧q
K
∗
)
.
Since T itself is T -invariant, iT a∗t = a
∗
t iT : the subbundle K
∗
of V∗ is invariant
under a∗t for each t. This need not be true of Kr, i.e., the statement that for all t,
dat(Kr) ⊂ Kr, equivalently,
L ∈ C∞(M;Kr) =⇒ [T , L] ∈ C
∞(M;Kr),
may fail to hold. Since Dβr = 0, the formula
0 = T 〈βr, L〉 − L〈βr, T 〉 − 〈βr, [T , L]〉
with L ∈ C∞(N ;Kr) gives that Kr is invariant under dat if and only if Lar = 0
for each CR vector field, that is, if and only if ar is a CR function. This proves
the equivalence between the first and last statements in the following lemma. The
third statement is the most useful.
Lemma 7.9. Let r be a defining function for N in M and let ∂b denote the oper-
ators of the associated CR complex. The following are equivalent:
(1) The function ar is CR;
(2) LT β˜r = 0;
(3) LT ∂b − ∂bLT = 0;
(4) Kr is T -invariant.
Proof. From βr = (ar − i)iβ˜r and LT βr = Dar we obtain
Dar = (LT ar)iβ˜r + (ar − i)iLT β˜r,
so
∂bar = Dar − (LT ar)iβ˜r = (ar − i)iLT β˜r.
Thus ar is CR if and only if LT β˜r = 0.
Using LT D = DLT and the definition of ∂b we get
LT ∂bφ = LT (Dφ− iβ˜r ∧ LT φ) = ∂bLT φ− i(LT β˜r) ∧ LT φ
for φ ∈ C∞(N ;
∧q
K
∗
). Thus LT ∂b − ∂bLT = 0 if and only if LT β˜r = 0. 
Lemma 7.10. Suppose that V admits a T -invariant metric. Then there is a defin-
ing function r for N inM such that ar is constant. If r and r′ are defining functions
such that ar and ar′ are constant, then ar = ar′ . This constant will be denoted aav.
Proof. Let h be a metric as stated. Let H0,1 be the subbundle of V orthogonal
to T . This is T -invariant, and since the metric is T -invariant, H0,1 has a T -
invariant metric. This metric gives canonically a metric on H1,0 = H0,1. Using the
decomposition CTN = H1,0⊕H0,1⊕ spanC T we get a T -invariant metric on CTN
for which the decomposition is orthogonal. This metric is induced by a Riemannian
metric g. Let m0 be the corresponding Riemannian density, which is T -invariant
because g is. Since D, h, and m0 are T -invariant, so are the formal adjoint D
⋆
of
D and the Laplacians of the D-complex, and if G denotes the Green’s operators for
these Laplacians, then G is also T -invariant, as is the orthogonal projection Π on
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the space of D-harmonic forms. Arbitrarily pick a defining function r for N in M.
Then
ar −GD
⋆
Dar = Πar
where Πar is a constant function by Lemma 4.6. Since βr is D-closed, Dar = LT βr.
Thus GD
⋆
Dar = T GD
⋆
βr, and since ar is real valued and T is a real vector field,
ar − T ℜGD
⋆
βr = ℜΠar.
Extend the function u = ℜGD
⋆
βr to M as a smooth real-valued function. Then
r′ = e−ur has the required property.
Suppose that r, r′ are defining functions for N in M such that ar and ar′ are
constant. Then these functions are equal by Proposition 4.9. 
Note that if for some r, the subbundle Kr is T -invariant and admits a T invariant
Hermitian metric, then there is a T -invariant metric on V .
Suppose now that ρ : F → M is a holomorphic vector bundle over M. Using
the operators
D : C∞(N ;
∧q
V∗ ⊗ FN )→ C
∞(N ;
∧q+1
V∗ ⊗ FN ),
see (4.12), define operators
(7.11) · · · → C∞(N ;
∧q
K
∗
⊗ FN )
∂b−→ C∞(N ;
∧q+1
K
∗
⊗ FN )→ · · ·
by
∂bφ = ΠrDφ, φ ∈ C
∞(N ;
∧q
K
∗
⊗ FN )
where Πr means Πr ⊗ I with Πr defined by (7.4). The operators (7.11) form a
complex. Define also
LT = iT D+ DiT
where iT stands for iT ⊗ I. Then
iT LT = LT iT , LT D = DLT .
The first of these identities implies that the image of C∞(N ;
∧q
K
∗
⊗ FN ) by LT
is contained in C∞(N ;
∧q
K
∗
⊗ FN ). With these definitions, D as an operator
D :
C∞(N ;
∧q
K
∗
⊗ FN )
⊕
C∞(N ;
∧q−1
K
∗
⊗ FN )
→
C∞(N ;
∧q+1
K
∗
⊗ FN )
⊕
C∞(N ;
∧q
K
∗
⊗ FN )
.
is given by the matrix in (7.8) with the new meanings for ∂b and LT .
Assume that there is a T -invariant Riemannian metric onN , that r has be chosen
so that ar is constant, that Kr is orthogonal to T , and that T has unit length. Then
the term involving ∂bar in the matrix (7.8) is absent, and since D
2 = 0,
LT ∂b = ∂bLT .
Write hV∗ for the metric induced on the bundles
∧q
V∗ or
∧q
K
∗
.
If ηµ, µ = 1, . . . , k is a local frame of FN over an open set U ⊂ N and φ is a
local section of
∧q
V∗⊗FN over U , then for some smooth sections φµ of
∧q
V∗ and
ωνµ of V
∗ over U ,
φ =
∑
µ
φµ ⊗ ηµ, D
∑
µ
φµ ⊗ ηµ =
∑
ν
(Dφν +
∑
µ
ωνµ ∧ φ
µ)⊗ ην .
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This gives
∂b
∑
µ
φµ ⊗ ηµ =
∑
ν
(∂bφ
ν +
∑
µ
Πrω
ν
µ ∧ φ
µ)⊗ ην
and
LT
∑
µ
φµ ⊗ ηµ =
∑
ν
(LT φ
ν +
∑
µ
〈ωνµ, T 〉φ
µ)⊗ ην .
Suppose now that hF is a Hermitian metric on F . With this metric and the
metric hV∗ we get Hermitian metrics h on each of the bundles
∧q
V∗ ⊗ FN . If ηµ
is an orthonormal frame of FN and φ =
∑
φµ ⊗ ηµ, ψ =
∑
ψµ ⊗ ηµ are sections of∧q
V∗ ⊗ FN , then
h(φ, ψ) =
∑
ν
hV∗(φ
µ, ψµ).
Therefore
h(LT φ, ψ) + h(φ,LT ψ)
=
∑
ν
hV∗(LT φ
ν +
∑
µ
〈ωνµ, T 〉φ
µ, ψν) +
∑
µ
hV∗(φ
µ,LT ψ
µ + 〈ωµν , T 〉ψ
ν)
=
∑
ν
T hV∗(φ
ν , ψν) +
∑
µ,ν
(〈ωνµ, T 〉+ 〈ω
µ
ν , T 〉)hV∗(φ
µ, ψν)
= T h(φ, ψ) +
∑
µ,ν
(〈ωνµ, T 〉+ 〈ω
µ
ν , T 〉)hV∗(φ
µ, ψν).
Thus T h(φ, ψ) = h(LT φ, ψ) + h(φ,LT ψ) if and only if
(7.12) 〈ωνµ, T 〉+ 〈ω
µ
ν , T 〉 = 0 for all µ, ν.
This condition is (4.17); just note that by the definition of D, the forms (Φ∗)−1ωνµ
in (4.17) are the forms that we are denoting ωνµ here. Thus (7.12) holds if and only
if hF is an exact Hermitian metric, see Definition (4.18).
Consequently,
Lemma 7.13. The statement
(7.14) T h(φ, ψ) = h(LT φ, ψ) + h(φ,LT ψ) ∀φ, ψ ∈ C
∞(N ;
∧q
V∗ ⊗ FN )
holds if and only the Hermitian metric hF is exact.
8. Spectrum
Suppose that V admits an invariant Hermitian metric. Let r be a defining func-
tion for N in M such that ar is constant. By Lemma (7.9) Kr is T -invariant,
so the restriction of the metric to this subbundle gives a T -invariant metric; we
use the induced metric on the bundles
∧q
K
∗
in the following. As in the proof of
Lemma 7.10, there is a T -invariant density m0 on N .
Let ρ : F → M be a Hermitian holomorphic vector bundle, assume that the
Hermitian metric of F is exact, so with the induced metric h on the vector bundles∧q
V∗ ⊗ FN , (7.14) holds. We will write F in place of FN .
Let ∂
⋆
b be the formal adjoint of the
b∂ operator (7.11) with respect to the inner
on the bundles
∧q
K
∗
⊗ F and the density m0, and let b,q = ∂b∂
⋆
b + ∂
⋆
b∂b be the
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formal ∂b-Laplacian. Since −iLT is formally selfadjoint and commutes with ∂b, LT
commutes with b,q. Let
H
q
∂b
(N ;F ) = kerb,q = {φ ∈ L
2(N ;
∧q
K
∗
⊗ F ) : b,qφ = 0}
and let
Domq(LT ) = {φ ∈ H
q
∂b
(N ;F ) and LT φ ∈ H
q
∂b
(N ;F )}.
The spaces H q
∂b
(N ;F ) may be of infinite dimension, but in any case they are closed
subspaces of L2(N ;
∧q
K
∗
⊗F ), so they may be regarded as Hilbert spaces on their
own right. If φ ∈ H q
∂b
(N ;F ), the condition LT φ ∈ H
q
∂b
(N ;F ) is equivalent to the
condition
LT φ ∈ L
2(N ;
∧q
K
∗
⊗ F ).
So we have a closed operator
(8.1) − iLT : Domq(LT ) ⊂ H
q
∂b
(N ;F )→ H q
∂b
(N ;F ).
The fact that b,q−L2T is elliptic, symmetric, and commutes with LT implies that
(8.1) is a selfadjoint Fredholm operator with discrete spectrum (see [13, Theorem
2.5]).
Definition 8.2. Let specq0(−iLT ) be the spectrum of the operator (8.1), and let
H
q
∂b,τ
(N ;F ) be the eigenspace of −iLT in H
q
∂b
(N ;F ) corresponding to the eigen-
value τ .
Let τ denote the principal symbol of −iT . Then the principal symbol of LT
acting on sections of
∧q
K
∗
is τ I. Because b,q − L2T is elliptic, Char(b,q), the
characteristic variety of b,q, lies in τ 6= 0. Let
Char±(b,q) = {ν ∈ Char(b,q) : τ (ν) ≷ 0}.
By [13, Theorem 4.1], if b,q is microlocally hypoelliptic on Char
±(b,q), then
{τ ∈ specq0(−iLT ) : τ ≷ 0}
is finite. We should perhaps point out that Char(b,q) is equal to the characteristic
variety, Char(Kr), of the CR structure.
As a special case consider the situation where F is the trivial line bundle. Let
θr be the real 1-form on N which vanishes on Kr and satisfies 〈θr, T 〉 = 1; thus θr
is smooth, spans Char(Kr), and has values in Char
+(Kr). The Levi form of the
structure is
Leviθr(v, w) = −idθr(v, w), v, w ∈ Kr,p, p ∈ N .
Suppose that Leviθr is nondegenerate, with k positive and n−k negative eigenvalues.
It is well known that then b,q is microlocally hypoelliptic at ν ∈ CharKr for all q
except if q = k and τ (ν) < 0 or if q = n− k and τ (ν) > 0.
Then the already mentioned Theorem 4.1 of [13] gives:
Theorem 8.3 ([13, Theorem 6.1]). Suppose that V admits a Hermitian metric and
that for some defining function r such that ar is constant, Leviθr is nondegenerate
with k positive and n− k negative eigenvalues. Then
(1) specq0(−iLT ) is finite if q 6= k, n− k;
(2) speck0(−iLT ) contains only finitely many positive elements, and
(3) specn−k0 (−iLT ) contains only finitely many negative elements.
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9. Indicial cohomology
Suppose that there is a T -invariant Hermitian metric h˜ on V . By Lemma 7.10
there is a defining function r such that 〈βr, T 〉 is constant, equal to aav−i. Therefore
Kr is T -invariant. Let h be the metric on V which coincides with h˜ on Kr, makes the
decomposition V = Kr⊕ spanC T orthogonal, and for which T has unit length. The
metric h is T -invariant. We fix r and such a metric, and let m0 be the Riemannian
measure associated with h. The decomposition (7.3) of
∧q
V∗ is an orthogonal
decomposition.
Recall that D(σ)φ = Dφ + iσβr ∧ φ. Since ar = aav is constant (in particular
CR),
D(σ)(φ0 + iβ˜r ∧ φ
1) = ∂bφ0 + iβ˜r ∧
[(
LT + (1 + iaav)σ
)
φ0 − ∂bφ
1
]
if φ0 ∈ C∞(N ;
∧q
K
∗
r
) and φ1 ∈ C∞(N ;
∧q−1
K
∗
r
). So D(σ) can be regarded as the
operator
(9.1) D(σ) =
[
∂b 0
LT + (1 + iaav)σ −∂b
]
:
C∞(N ;
∧q
K
∗
r
)
⊕
C∞(N ;
∧q−1
K
∗
r
)
→
C∞(N ;
∧q+1
K
∗
r
)
⊕
C∞(N ;
∧q
K
∗
r
).
Since the subbundles
∧q
Kr and β˜ ∧
∧q−1
Kr are orthogonal with respect to the
metric induced by h on
∧q
V , the formal adjoint of D(σ) with respect to this metric
and the density m0 is
D(σ)⋆ =
[
∂
⋆
b −LT + (1− iaav)σ
0 −∂
⋆
b
]
:
C∞(N ;
∧q+1
K
∗
r
)
⊕
C∞(N ;
∧q
K
∗
r
)
→
C∞(N ;
∧q
K
∗
r
)
⊕
C∞(N ;
∧q−1
K
∗
r
)
where ∂
⋆
b is the formal adjoint of ∂b. So the Laplacian, D(σ),q, of the D(σ)-complex
is the diagonal operator with diagonal entries Pq(σ), Pq−1(σ) where
Pq(σ) = b,q + (LT + (1 + iaav)σ)(−LT + (1− iaav)σ)
acting on C∞(N ;
∧q
K
∗
r
) and Pq−1(σ) is the “same” operator, acting on sections of∧q−1
K
∗
r
; recall that LT commutes with ∂b and since L
⋆
T = −LT , also with ∂
⋆
b , and
that aav is constant. Note that Pq(σ) is an elliptic operator.
Suppose that φ ∈ C∞(N ;
∧q
K
∗
r
) is a nonzero element of kerPq(σ); the complex
number σ is fixed. Since Pq(σ) is elliptic, kerPq(σ) is a finite dimensional space,
invariant under −iLT since the latter operator commutes with Pq(σ). As an oper-
ator on kerPq(σ), −iLT is selfadjoint, so there is a decomposition of kerPq(σ) into
eigenspaces of −iLT . Thus
φ =
N∑
j=1
φj , −iLT φj = τjφj
where the τj are distinct real numbers and φj ∈ kerPq(σ), φj 6= 0. In particular,
b,qφj + (LT + (1 + iaav)σ)(−LT + (1− iaav)σ)φj = 0,
for each j, that is,
b,qφj + |iτj + (1 + iaav)σ|
2φj = 0.
Since b,q is a nonnegative operator and φj 6= 0, iτj + (1 + iaav)σ = 0 and φj ∈
kerb,q. Since σ is fixed, all τj are equal, which means that N = 1. Conversely, if
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φ ∈ C∞(N ;
∧q
K
∗
r
) belongs to kerb,q and −iLT φ = τφ, then Pq(σ)φ = 0 with σ
such that τ = (i− aav)σ.
Let H q
D(σ)
(N ) be the kernel of D(σ),q.
Theorem 9.2. Suppose that V admits a T -invariant metric and let r be a defining
function for N in M such that 〈βr, T 〉 = aav − i is constant. Then
specqb,N (
b∂) = (i − aav)
−1 specq0(−iLT ) ∪ (i− aav)
−1 specq−10 (−iLT ),
and if σ ∈ specqb,N (
b∂), then, with the notation in Definition 8.2
H
q
D(σ)
(N ) = H q
∂b,τ(σ)
(N ) ⊕H q−1
∂b,τ(σ)
(N )
with τ(σ) = (i − aav)σ.
If the CR structure Kr is nondegenerate, Proposition 8.3 gives more specific
information on specqb,N (
b∂). In particular,
Proposition 9.3. With the hypotheses of Theorem 9.2, suppose that Leviθr is
nondegenerate with k positive and n − k negative eigenvalues. If k > 0, then
spec0b,N ⊂ {σ ∈ C : ℑσ ≤ 0}, and if n−k > 0, then spec
0
b,N (
b∂) ⊂ {σ ∈ C : ℑσ ≥ 0}.
Remark 9.4. The b-spectrum of the Laplacian of the b∂-complex in any degree can
be described explicitly in terms of the joint spectra spec(−iLT ,b,q). We briefly
indicate how. With the metric h and defining function r as in the first paragraph
of this section, suppose that h is extended to a metric on bT 0,1M. This gives a
Riemannian b-metric on M that in turn gives a b-density m on M. With these we
get formal adjoints b∂
⋆
whose indicial families D
⋆
(σ) are related to those of b∂ by
D
⋆
(σ) = b̂∂
⋆
(σ) = [b̂∂(σ)]⋆ = D(σ)⋆.
By (9.1),
D
⋆
(σ) =
[
∂
⋆
b −LT + (1− iaav)σ
0 −∂
⋆
b
]
.
Using this one obtains that the indicial family of the Laplacian q of the
b∂-complex
in degree q is a diagonal operator with diagonal entries P ′q(σ), P
′
q−1(σ) with
P ′q(σ) = b,q + (LT + (1 + iaav)σ)(−LT + (1− iaav)σ)
and the analogous operator in degree q − 1. The set specb(q) is the set of values
of σ for which either P ′q(σ) or P
′
q−1(σ) is not injective. These points can written in
terms of the points spec(−iLT ,b) as asserted. In particular one gets
specb(q) ⊂ {σ : |ℜσ| ≤ |aav||ℑσ|}
with specqb,N (
b∂) being a subset of the boundary of the set on the right.
We now discuss the indicial cohomology sheaf of b∂, see Definition 6.12. We will
show:
Proposition 9.5. Let σ0 ∈ spec
q
b,N (
b∂). Every element of the stalk of Hq
b∂
(N ) at
σ0 has a representative of the form
1
σ − σ0
[
φ0
0
]
where φ0 ∈ H q
∂b,τ0
(N ), τ0 = (i − aav)σ0.
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Proof. Let
(9.6) φ(σ) =
µ∑
k=1
1
(σ − σ0)k
[
φ0k
φ1k
]
represent an element in the stalk at σ0 of the sheaf of germs of C
∞(N ;
∧q
V∗⊗F )-
valued meromorphic functions on C modulo the subsheaf of holomorphic elements.
Letting α = 1 + iaav we have
D(σ)φ(σ) =
µ∑
k=1
1
(σ − σ0)k
[
∂bφ
0
k(
LT + ασ0
)
φ0k − ∂bφ
1
k
]
+
µ−1∑
k=0
α
(σ − σ0)k
[
0
φ0k+1
]
,
so the condition that D(σ)φ(σ) is holomorphic is equivalent to
(9.7) ∂bφ
0
k = 0, k = 1, . . . , µ
and
(9.8)
(LT + ασ0)φ
0
µ − ∂bφ
1
µ = 0,
(LT + ασ0)φ
0
k − ∂bφ
1
k + αφ
0
k+1 = 0, k = 1, . . . , µ− 1.
Let Pq′ = b,q′ − L2T in any degree q
′. For any (τ, λ) ∈ R2 and q′ let
Eq
′
τ,λ = {ψ ∈ C
∞(N ;
∧q′
V∗ ⊗ F ) : Pq′ψ = λψ, −iLT ψ = τψ}.
This space is zero if (τ, λ) is not in the joint spectrum Σq
′
= specq
′
(−iLT , Pq′). Each
φik decomposes as a sum of elements in the spaces E
q−i
τ,λ , (τ, λ) ∈ Σ
q−i. Suppose
that already φik ∈ E
q−i
τ,λ :
Pq−iφ
i
k = λφ
i
k, −iLT φ
i
k = τφ
i
k, i = 0, 1, k = 1, . . . , µ.
Then (9.8) becomes
(9.9)
(iτ + ασ0)φ
0
µ − ∂bφ
1
µ = 0,
(iτ + ασ0)φ
0
k − ∂bφ
1
k + αφ
0
k+1 = 0, k = 1, . . . , µ− 1.
If τ 6= τ0, then iτ + ασ0 6= 0, and we get φ0k = ∂bψ
0
k for all k with
ψ0k =
µ−k∑
j=0
(−α)j
(iτ + ασ0)j+1
φ1k+j .
Trivially (
LT + ασ0
)
ψ0µ = φ
1
µ
and also (
LT + ασ0
)
ψ0k + αψ
0
k+1 = φ
1
k, k = 1, . . . , µ− 1,
so
φ(σ) −D(σ)
µ∑
k=1
1
(σ − σ0)k
[
ψ0k
0
]
= 0
modulo an entire element.
Suppose now that the φik are arbitrary and satisfy (9.7)-(9.8). The sum
(9.10) φik =
∑
(τ,λ)∈Σq−i
φik,τ,λ, φ
i
k,τ,λ ∈ E
q−i
τ,λ
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converges in C∞, indeed for each N there is Ci,k,N such that
(9.11) sup
p∈N
‖φik,τ,λ(p)‖ ≤ Ci,k,N (1 + λ)
−N for all τ, λ.
Since D(σ) preserves the spaces Eqτ,λ ⊕ E
q−1
τ,λ , the relations (9.9) hold for the φ
i
k,τ,λ
for each (τ, λ). Therefore, with
(9.12) ψ0k =
∑
(τ,λ)∈Σq−1
τ 6=τ0
µ−k∑
j=0
(−α)j
(iτ + ασ0)j+1
φ1k+j,τ,λ
we have formally that
φ(σ) −D(σ)
µ∑
k=1
1
(σ − σ0)k
[
ψk
0
]
=
µ∑
k=1
1
(σ − σ0)k
[
φ˜0k
φ˜1k
]
with
(9.13) φ˜ik =
∑
(τ,λ)∈Σq−1
τ=τ0
φik,τ,λ, φ
i
k,τ,λ ∈ E
q−i
τ,λ .
However, the convergence in C∞ of the series (9.12) is questionable since there may
be a sequence {(τℓ, λℓ)}∞ℓ=1 ⊂ spec(−iLT , Pq−1) of distinct points such that τℓ → τ0
as ℓ→∞, so that the denominators iτℓ+ασ0 in the formula for ψ0k tend to zero so
fast that for some nonnegative N , λ−Nℓ /(iτℓ + ασ0) is unbounded. To resolve this
difficulty we will first show that φ(σ) is D(σ)-cohomologous (modulo holomorphic
terms) to an element of the same form as φ(σ) for which in the series (9.10) the
terms φik,τ,λ vanish if λ− τ
2 > ε; the number ε > 0 is chosen so that
(9.14) (τ0, λ) ∈ Σ
q ∪ Σq−1 =⇒ λ = τ20 or λ ≥ τ
2
0 + ε.
Recall that specq
′
(−iLT , Pq′) ⊂ {(τ, λ) : λ ≥ τ2}.
For any V ⊂
⋃
q′ Σ
q′ let
Πq
′
V : L
2(N ;
∧q′
V∗ ⊗ F )→ L2(N ;
∧q′
V∗ ⊗ F )
be the orthogonal projection on
⊕
(τ,λ)∈V E
q′
τ,λ. If ψ ∈ C
∞(N ;
∧q′
V∗⊗F ), then the
series
Πq
′
V ψ =
∑
(τ,λ)∈V
ψτ,λ, ψτ,λ ∈ E
q′
τ,λ
converges in C∞. It follows that b,q′ and LT commute with Π
q′
V and that ∂bΠ
q′
V =
Πq
′+1
V ∂b. Since the Π
q′
V are selfadjoint, also ∂
⋆
bΠ
q′+1
V = Π
q′
V ∂
⋆
b .
Let
U = {(τ, λ) ∈ Σq ∪Σq−1 : λ < τ2 + ε}, U c = Σq ∪ Σq−1\U.
Then, for any sequence {(τℓ, λℓ)} ⊂ U of distinct points we have |τℓ| → ∞ as
ℓ→∞. Define
Gq
′
Ucψ =
∑
(τ,λ)∈Uc
1
λ− τ2
ψτ,λ
In this definition the denominators λ − τ2 are bounded from below by ε, so Gq
′
Uc
is a bounded operator in L2 and maps smooth sections to smooth sections because
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the components of such sections satisfy estimates as in (9.11). The operators are
analogous to Green operators: we have
(9.15) b,q′G
q′
Uc = G
q′
Ucb,q′ = I −Π
q′
U
so if ∂bψ = 0, then
(9.16) b,q′G
q′
Ucψ = ∂b∂
⋆
bG
q′
Ucψ
since ∂bG
q′
Uc = G
q′+1
Uc ∂b.
Write φ(σ) in (9.6) as
φ(σ) = ΠUcφ(σ) + ΠUφ(σ)
where
ΠUcφ(σ) =
µ∑
k=1
1
(σ − σ0)k
[
ΠqUcφ
0
k
Πq−1Uc φ
1
k
]
, ΠUφ(σ) =
µ∑
k=1
1
(σ − σ0)k
[
ΠqUφ
0
k
Πq−1U φ
1
k
]
.
Since D(σ)φ(σ) is holomorphic, so are D(σ)ΠUcφ(σ) and D(σ)ΠUφ(σ).
We show that ΠUcφ(σ) is exact modulo holomorphic functions. Using (9.7),
(9.15), and (9.16), ΠqUcφ
0
k = ∂
⋆
b∂bΠ
q
Ucφ
0
k. Then
ΠUcφ(σ) −D(σ)
µ∑
k=1
1
(σ − σ0)k
[
∂
⋆
bG
q
UcΠ
q
Uφ
0
k
0
]
=
µ∑
k=1
1
(σ − σ0)k
[
0
φˆ1k
]
modulo a holomorphic term for some φˆ1k with Π
q−1
Uc φˆ
1
k = φˆ
1
k. The element on the
right is D(σ)-closed modulo a holomorphic function, so its components satisfy (9.7),
(9.8), which give that the φ˜1k are ∂b-closed. Using again (9.15) and (9.16) we see
that ΠUcφ(σ) represent an exact element.
We may thus assume that ΠqUcφ(σ) = 0. If this is the case, then the series (9.12)
converges in C∞, so φ(σ) is cohomologous to the element
φ˜(σ) =
µ∑
k=1
1
(σ − σ0)k
[
φ˜0k
φ˜1k
]
where the φ˜ik are given by (9.13) and satisfy Π
q−i
Uc φ˜
i
k = 0. By (9.14), φ˜
i
k ∈ E
q−i
τ0,τ
2
0
.
In particular, b,q−iφ
i
k = 0.
Assuming now that already φik ∈ E
q−i
τ0,τ
2
0
, the formulas (9.9) give (since τ = τ0
and iτ0 + ασ0 = 0)
∂bφ
1
µ = 0, φ
0
k = ∂b
1
α
φ1k−1, k = 2, . . . , µ.
Then
φ(σ) −
1
α
D(σ)
µ+1∑
k=2
1
(σ − σ0)k
[
φ1k−1
0
]
=
1
σ − σ0
[
φ01
0
]
with b,qφ
0
1 = 0. 
32 GERARDO A. MENDOZA
Appendix A. Totally characteristic differential operators
We review here some basic definitions and notation concerning totally charac-
teristic differential operators.
Let E, F → M be vector bundles and let Diffm(M;E,F ) be the space of
differential operators C∞(M;E)→ C∞(M;F ) of order m. Then
(A.1)
Diffmb (M;E,F ), the space of totally characteristic differential opera-
tors of order m, consists of those elements P ∈ Diffm(M;E,F ) with
the property
r−νP rν ∈ Diffm(M;E,F ), ν = 1, . . . ,m
i.e., r−νP rν has coefficients smooth up to the boundary.
Let π : T ∗M→M and bπ : bT ∗M→M be the canonical projections. Suppose
P ∈ Diffmb (M;E,F ). Since P is in particular a differential operator, it has a
principal symbol
σ (P ) ∈ C∞(T ∗M; Hom(π∗E, π∗F )).
The fact that P is totally characteristic implies that σ (P ) lifts to a section
bσ (P ) ∈ C∞(bT ∗M; Hom(bπ∗E, bπ∗F )),
the principal b-symbol of P , characterized by
(A.2) bσ (P )(ev∗ξ) = σ (P )(ξ).
If P ∈ Diffmb (M;E,F ), then P induces a differential operator
(A.3) Pb ∈ Diff
m
b (M;E∂M, F∂M),
as follows. If φ ∈ C∞(∂M;E∂M), let φ˜ ∈ C
∞(M;E) be an extension of φ and let
Pbφ = (Pφ˜)|∂M.
The condition (A.1) ensures that Pφ˜|∂M is independent of the extension of φ used.
Clearly if P and Q are totally characteristic differential operators, then so is PQ,
and
(A.4) (PQ)b = PbQb.
The indicial family of P ∈ Diffmb (M;E,F ) is defined as follows. Fix a defining
function r for ∂M. Then for any σ ∈ C,
P (σ) = r−iσP riσ ∈ Diffmb (M;E,F ).
Let
(A.5) P̂ (σ) = P (σ)b.
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